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In this talk, the Cauchy problem for the stationary and instationary nonlocal
imcompressible abstract Stokes equations are considered. The equation involve
the the convolution term and abstract operator in a Banach space E on leading
part. The existence, uniqueness and coercive esimates in Lp spaces is derived.
We can obtain a di¤erent classes Novier-Stokes equations by choosing the space
E and the linear operator A which occur in a wide variety of physical systems. In
application the existence, uniqueness and Lp-maximal regularity properties to
solution of mixed problems for nonlocal degenerate Navier-Stokes equations and
nonlocal Navier-Stokes equations with discontinuous coe¢ cients are established.
We consider the Cauchy problem for the nonlocal Stokes equation

@u

@t
� b ��u+Au+r' = f (x; t) , x 2 Rn, t 2 (0; T ) ; (1.1)

div u = 0, u (x; 0) = a (x) , (1.2)

where A is a linear operator in a Banach space E,

u = (u1 (x; t) ; u2 (x; t) ; :::; un (x; t))

is an E-valued unknown solution

f = (f1 (x; t) ; f2 (x; t) ; :::; fn (x; t))

is given and a = (a1 (x) ; a2 (x) ; :::; an (x)) is a initial date. Moreover,

b = b (x) = (b1 (x) ; b2 (x) ; :::bn (x)) , b � u = (b1 � u1; b2 � u2; :::; bn � un) ,

bi � ui denotes the convolution of the functions bi, ui de�ned by

bi � ui =
Z
Rn

bi (x)ui (x� �) d�

for smooth enough complex-valued functon bi and E-valued function u (x; t).
Here, ' = ' (x; t) is represent an E-valued unknown pressure. This problem is
characterized with the presence of abstract operator A and the convolution term
b ��u. We obtain the well-posedeness of the problem (1:1)� (1:2) in E-valued
Bohner space. For E = C, where C is the set of all complex numbers, and A
is a positive constant q the problem (1:1) � (1:2) is reduced to the following
nonlocal Stokes type problem

@u

@t
� b � 4u+ qu+r' = f (x; t) , div u = 0, (1.3)
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u (x; 0) = a (x) , x 2 Rn, t 2 (0; T ) : (1.4)

Note that, the existence of weak or strong solutions and regularity properties
for the classical Stokes problems extensively studied e.g. in [2, 4-8, 10, 12, 13, 18].
There is a lots of monograph on the solvability of the Cauchy problems for Stokes
equations (see e.g. [1, 2,18] and further papers cited there ). Solonnikov [12]
proved that for every f 2 Lp

�

� (0; T ) ;R3

�
= B (p), p 2 (1;1) the stationary

Stokes problem

@u

@t
�4u+r' = f (x; t) ; div u = 0; u j@
= 0; (1.5)

u (x; 0) = 0; x 2 
; t 2 (0; T )

has a unique solution (u;r') so that



@u@t





B(p)

+


r2u



B(p)
+ kr'kB(p;q) � C kfkB(p;q) :

Giga and Sohr [5] improved the result for spaces with di¤erent exponents in
space and time. Moreover, estimate obtained here, was global in time and
used abstract parabolic semigroup theory. The estimate (1:5) allows to study
the existence of solution and regularity properties of the corresponding Navier-
Stokes problem (see e.g. [7] ).
First all of, we consider the following nonlocal abstract di¤erential equation

(ADE) in whole space,

�b ��u+ (A+ �)u = f (x) , x 2 Rn; (1.6)

where A is a linear operator in a Banach space E, b = b (x) is a complex-valued
function and � is a complex parameter. We show the uniform maximal regularity
properties of the problem (1:6), i.e. we prove that for all f 2Wm;q (Rn;E), � 2
S problem (1:6) has a unique solution u that belongs toW 2+m;q (Rn;E (A) ; E)
and the following coercive uniform estimate holds

nX
k=1

2X
i=0

j�j1�
i

m+2





b � @iu@xik






Lq(Rn;E)

+ kAukLq(Rn;E) � C kfkLp(Rn;E) ;

where the constant C dependent only on A and E.
Then, we consider the stationary nonlocal abstract Stokes problem

�b � 4u+Au+r' = f (x) , div u = 0, x 2 Rn, (1.7)

where f = (f1 (x) ; f2 (x) ; :::; fn (x)) is a data and u = (u1 (x) ; u2 (x) ; :::; un (x))
is a solution. By applying the corresponding projection transformation P , the
problem (1:7) can be reduced to problem

�Pb � 4u+Au = f (x) , x 2 Rn: (1.8)
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Let Lq� (Rn;E) denotes the solenoidal space. Consider the operator in Lq� (Rn;E)
de�ned by

D (Oq) =
�
W 2;q
� (Rn;E (A) ; E)

�n
=
n
u 2

�
W 2;q (Rn;E (A) ; E)

�n
, div u = 0

o
;

Oqu = �Pb � 4u+Au:
Oq is a nonlocal Stokes operator generated by problem (1:8). We prove here,
that Oq is a sectorial operator in Xq = (Lq (Rn;E))n and also is a generator
of an analytic semigroup in Xq. Now, we consider the Cauchy problem for
instationary nonlocal Stokes equation

@u

@t
� b � 4u+Au+r' = f (x; t) , x 2 Rn; t 2 (0; T ) ; (1.9)

div u = 0, u (x; 0) = a

and we prove the Lp (0; T ;Xq)-well-possedeness of the problem (1:9).
We can obtain di¤erent classes of nonlocal Stokes equations by assigning a

concrete space E and an appropriate operator A, that occur in applications.
As a �rst example we can choose E = Lp1 (0; 1) and A = A1 to be degenerate
di¤erential operator in Lp1 (0; 1) with nonlocal boundary conditions

D (A1) =
n
u 2W [2];p1


 (0; 1) , �ku[�k] (0) + �ku
[�k] (1) = 0, k = 1; 2

o
;

A1u = b1 (y)u
[2] + b2 (y)u

[1], x 2 Rn, y 2 (0; 1) , �k 2 f0; 1g ; (1.10)

where u[i] = D[i]u =
�
y
 d

dy

�i
u for 0 � 
 < 1 � 1

p , b1 = b1 (y) is a cont¬nous

function, b2 = b2 (y) is a bounded function on [0; 1] for a.e. x 2 Rn, �k, �k are
complex numbers, and W [2];p1


 (0; 1) is a weighted Sobolev space de�ned by

W [2];p1

 (0; 1) = f u : u 2 Lp1 (0; 1) , u[2] 2 Lp1 (0; 1) ;

kuk
W

[2];p1



= kukLp1 +



u[2]




Lp1
<1:

Let � = Rn� (0; 1)� (0; T ). We obtain the Lp (�)-maximal regularity property
of the nonlocal mixed problem for the following nonlocal Stokes equation

@u

@t
� b � 4xu+ b1 (y)D

[2]
y u+ b2 (y)D

[1]
y u+r' = f (x; y; t) , (1.11)

div u = 0, u (x; y; 0) = a, x 2 Rn; t 2 (0; T ) :

�ku
[�k] (x; 0; t) + �ku

[�k] (x; 1; t) = 0, k = 1; 2; (1.12)

(x, y; t) 2 �, u = u (x; y; t) ;
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where the mixed Lp (�)-norm is de�ned as

kfkLp(�) =

0B@Z
Rn

TZ
0

0@ 1Z
0

jf (x; y; t)jp1 dy

1A
p
p1

dx dt

1CA
1
p

<1: (1.13)

As a second example we can choose E = Lp1 (0; 1) and A = A2 to be
di¤erential operator in Lp1 (0; 1) with VMO coe¢ cients de�ned by

D (A2) =
�
u 2W 2;p1 (0; 1) , �ku(�k) (0) + �ku

(�k) (1) = 0, k = 1; 2
o
;

A2u = b1 (y)u
(2) + b2 (y)u

(1), x 2 Rn, y 2 (0; 1) , �k 2 f0; 1g : (1.14)

After these, by applying our general results obtained here, we study the Lp (�)-
well posedeness of mixed problems for the following nonlocal Stokes equations
with VMO coe¢ cients

@u

@t
� b � 4xu+ b1 (y)

@2u

@x2
+ b2 (y)

@u

@x
+r' = f (x; y; t) , (1.15)

div u = 0, u (x; y; 0) = a, x 2 Rn; t 2 (0; T ) :

�ku
(�k) (x; 0; t) + �ku

(�k) (x; 1; t) = 0, k = 1; 2; (1.16)

(x, y) 2 Rn � (0; 1) , t 2 (0; T ) , u = u (x; y; t) :

1. Notations and background

Let E be a Banach space and Lp (
;E) denotes the space of strongly mea-
surable E-valued functions that are de�ned on the measurable subset 
 � Rn
with the norm

kfkLp = kfkLp(
;E) =

0@Z



kf (x)kpE dx

1A 1
p

; 1 � p <1 :

The Banach space E is called an UMD-space if the Hilbert operator

(Hf) (x) = lim
"!0

Z
jx�yj>"

f (y)

x� y dy

is bounded in Lp (R; E) ; p 2 (1;1) (see. e.g. [3, 21]). UMD spaces include
e.g. Lp, lp spaces and Lorentz spaces Lpq; p, q 2 (1;1).
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Let
S = f� 2 C, jarg �j � ' [ f0g , 0 �  < �g :

A closed linear operator A is said to be  -sectorial (or sectorial) in a Banach
space E with bound M > 0 if D (A) and R (A) are dense on E, N (A) = f0g
and 


(A+ �I)�1




B(E)
�M j�j�1

for any � 2 S�, 0 � � < �, where I is the identity operator in E, D (A) and
R (A) denote domain and range of the operator A, respectively.
It is known [19, §1.15.1] that there exist the fractional powers A� of a sec-

torial operator A. Let E
�
A�
�
denote the space D

�
A�
�
with norm

kukE(A�) =
�
kukp +



A�u

p� 1
p

, 1 � p <1, 0 < � <1:

Let N denote the set of all natural numbers. A set G � B (E1; E2) is called
R-bounded (see e.g. [3, § 2]) if there is a positive constant C such that for all
T1; T2; :::; Tm 2 G and u1;u2; :::; um 2 E1, m 2 N

Z










mX
j=1

rj (y)Tjuj








E2

dy � C

Z










mX
j=1

rj (y)uj








E1

dy;

where frjg is a sequence of independent symmetric f�1; 1g-valued random vari-
ables on 
. The smallest C for which the above estimate holds is called a
R-bound of the collection G and denoted by R (G) :
A set Gh � B (E1; E2) depending on parameter h 2 Q is called uniform

R-bounded with respect to h if there is a constant C, independent on h 2 Q;
such that for all T1 (h) ; T2 (h) ; :::; Tm (h) 2 Gh and u1;u2; :::; um 2 E1, m 2 N

Z










mX
j=1

rj (y)Tj (h)uj








E2

dy � C

Z










mX
j=1

rj (y)uj








E1

dy:

It is implies that sup
h2Q

R (Gh) � C.

The  -sectorial operator A is said to be R-sectorial in a Banach space E if
the set

LA =
n
� (A+ �)

�1 : � 2 S 
o
, 0 �  < �

is R-bounded.
The operator A (�) is said to be  -sectorial in E uniformly with respect to �

with bound M > 0 if D (A (�)) is independent on �, D (A (�)) is dense in E and


(A (�) + �)�1


 � M
1+j�j for all � 2 S , 0 �  < �, where M does not depend

on � and �:
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Let E0 and E be two Banach spaces and E0 continuously and densely em-
bedded into E. Let 
 be a measurable set in Rn andm be a positive integer. Let
us consider the space W p;m (
;E0; E) consisting of all functions u 2 Lp (
;E0)
that have the generalized derivatives @

mu
@xmk

2 Lp (
;E) with the norm

kukWp;m(
;E0;E)
= kukLp(
;E0) +

nX
k=1





@mu@xmk






Lp(
;E)

<1:

For n = 1, 
 = (a; b), a; b 2 R the space W p;m (
;E0; E) will be de-
noted by W p;m (a; b;E0; E). For E0 = E the space W p;m (
;E0; E) denotes by
W p;m (
;E) :

BMO denotes the space of all complex-valued local integrable functions with
the norm

kfk� = sup
B

Z
B

jf (x)� fB j dx <1;

where B ranges in the class of the balls in Rn and fB is the average 1
jBj

Z
B

f (x) dx.

For f 2 BMO and r > 0 we set

� (r) = sup
��r

Z
B

jf (x)� fB jE dx;

where B ranges in the class of the balls with radius �:
We will say that a function f 2 BMO is in the space VMO if lim

r!+0
� (r) = 0.

We will call � (r) the VMO modulus of f . Here, S(Rn;E) denotes an E-valued
Schwartz class, i.e. the space of all E-valued rapidly decreasing smooth functions
on Rn equipped with its usual topology generated by seminorms. S(Rn;C) is
denoted by S (Rn). Let S0(Rn;E) denote the space of all continuous linear
operators from S (Rn) into E equipped with the bounded convergence topology.
Recall S(Rn;E) is norm dense in Lp(Rn;E), when 1 � p <1.
Let F denotes the Fourier transform de�ned by

û (�) = Fu = (2�)
�n

2

Z
Rn

e�ix�u (x) dx for u 2 S(Rn;E) and x, � 2 Rn:

Let Hq;s (Rn;E), �1 < s < 1 denotes E-valued Sobolev space of order s
i.e

Hq;s (Rn;E) = fu 2 Lq (Rn;E) , kukHq;s(Rn;E) =



F�1 �1 + j�j2� s2 Fu




Lq(Rn;E)

<1
)
:

Consider the space Hq;s (Rn;E0; E) de�ned by

Hq;s (Rn;E0; E) = fu 2 Hq;s (Rn;E) \ Lq (Rn;E0) ;
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kukHq;s(Rn;E0;E) = kukLq(Rn;E0) + kukHq;s(Rn;E) <1
o
:

Sometimes we called it Sobolev-Lions space.
Sometimes we use one and the same symbol C without distinction in order

to denote positive constants which may di¤er from each other even in a single
context. When we want to specify the dependence of such a constant on a
parameter, say �, we write C�.
Moreover, for u, � > 0 the relations u . �; u � � means that there exist

positive constants C; C1; C2 independent on u and � such that, respectively

u � C�; C1� � u � C2�:

From [19, Theorem A0] we obtain:
Proposition A1. Let E be UMD space, � = (�1; �2; :::; �n), D

� =
@j�j

@x
�1
1 @x

�2
2 :::@x

�n
n

and 1 < p � q � 1. Suppose 	h 2 Cn (Rnn f0g ;B (E)) and
there is a positive constant K such that

sup
h2Q

R
�n
j�jj�j+n(

1
p�

1
q )D�	h (�) : � 2 Rnn f0g ; �k 2 f0; 1g

o�
� K:

Then	h is a uniformly bounded collection of Fourier multiplier from Lp (Rn;E)
to Lq (Rn;E) :

2. Boundary value problems for abstract elliptic equations

BVPs for ADEs were studied e.g. in [1, 3, 11, 13-17, 22]. In this section, we
will derive the maximal regularity properties of the problem (1:6).
Condition 2.1. Let E be an UMD space and A is an R-sectorial operator

in E for 0 �  < �. Assume b 2 L1 (Rn), and b̂ 2 C(m) (Rn) such that
nX
k=1

b̂k (�) �
2
k 2 S 1 ,

���D� b̂k (�)
��� � C0 for k = 1; 2; :::; n; (2.1)

 1 �  , j�j , m > 1 +
n

q
, q 2 (1;1) and for all � 2 Rn.

Let Xq = Lq (Rn;E) and Y q;2 = W q;2 (Rn;E (A) ; E). We show here, the
following result:
Theorem 2.1. Assume that the Condition 2.1 is satis�ed and q 2 (1;1).

Then for all f 2 Xq, � 2 S with  1 +  2 (0; �) problem (1:6) has a unique
solution u that belongs to Y q;2 and the following coercive uniform estimate
holds

nX
k=1

2X
i=0

j�j1�
i
2





bk � @iu@xik






Xq

+ kAukXq � C kfkXq : (2.2)
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Indeed, by applying the Fourier transformation F in (1:6), we get

B (A; �; �) û (�) = f̂ (�) , � 2 Rn, (2.3)

where

B = B (A; �; �) = A+
nX
k=1

b̂k (�) �
2
k + �:

By assumption � + b̂ (�) j�j2 2 S , so the operator B = B (A; �; �) has
bounded inverse in E for all � 2 Rn. Hence the equations has a solution

û (�) = B�1 (A; �; �) f̂ (�) ,

i.e. the exists a solution u (x) of the equation (1:6) exspressed as

u (x) = F�1
h
B�1 (A; �; �) f̂ (�)

i
. (2.4)

Let we now show the estimate (2:2). Indeed, in view of (2:4) the estimate
(2:2) is equivalent to the following

nX
k=1

2X
i=0

j�j1�
i
2




F�1�ik b̂k (�)B�1 (A; �; �) f̂ (�)



Xq
+ (2.5)




AB�1 (A; �; �) f̂ (�)



Xq
.



F�1f̂ (�)




Xq
:

To prove this, it is su¢ cient to show that the operator functions

�1 (�; �) =
nX
k=1

2X
i=0

j�j1�
i
2 �ik b̂k (�)B

�1 (A; �; �) , �2 (�; �) = AB�1 (A; �; �)

are Xq-Fourier multipliers. Indeed, it is cleer to see that

@

@�j
�1 (�; �) = �

nX
k=1

2X
i=0

j�j1�
i
2 �ik

@

@�j
B�1 (A; �; �) =

�
nX

k=1,k 6=j

2X
i=0

j�j1�
i
2 �ik

�
@

@�j
b̂k (�) + 2�j

�
B�2 (A; �; �) � (2.6)

2X
i=0

j�j1�
i
2

�
i�i�1j B�1 (A; �; �) +

�
@

@�j
b̂k (�) + 2�j

�
B�2 (A; �; �)

�
:

Really, by using the resolvent properties of operator A and assumption on
b̂ (�) and in view of (2:6) we have the following uniform in � estimates���j�� 



 @

@�j
�1 (�; �)






B(E)

� C1, j = 1; 2; :::; n:
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Then by di¤erentiating the operator functions with respect other �k, in a
similar way get toe following uniform estimates

j�jj�j kD��1 (�; �)kB(E) � C1; j�jj�j kD��2 (�; �)kB(E) � C2; (2.7)

for j�j > n
p with � = (�1; �2; :::; �n), �k 2 f0; 1g, � 2 R

n, � 6= 0 and � 2 S 1 .
Moreover, in view of (2:6) and due to R-sectoriality of the operator A, the

sets �
�j

@

@�j
�1 (�; �) , � 2 Rnn f0g

�
,�

�j
@

@�j
�1 (�; �) , � 2 Rnn f0g , j = 1; 2; :::; n

�
are R-bounded. Then in view of the Kahane�s contraction principle and from
the product properties of the collection of R-bounded operators ( see e.g. [3]
Lemma 3.5, Proposition 3.4 ) we obtain

sup
�2S 

R

�
��D��1 (�; �) : � 2 Rnn f0g , j�j >

n

p

�
� C1; (2.8)

sup
�2S 

R

�
��D��2 (�; �) : � 2 Rnn f0g , j�j >

n

p

�
� C2:

By Proposition A1 from (2:8) we get that the operator-valued functions
�1 (�; �) and �1 (�; �) are Fourier multipliers in Xq. Hence, we obtain the con-
clusion.
Consider a di¤erential operator Q = Qq in Xq generated by problem (1:6),

i.e.
D (Q) = Y q;2, Qu = �b � 4u+Au:

Let Bq = B (Xq). From Theorem 2.1 we obtain the following
Result 2.1: For � 2 S there is a resolvent (Q+ �)�1 satisfying the follow-

ing uniform estimate

nX
k=1

2X
i=0

j�j1�
i
2





 @i

@xik
bk � (Q+ �)�1






Bq

+



A (Q+ �)�1




Bq
� C:

In the following result we show the smoothness of the problem (2:1).
Theorem 2.2. Let the Condition 2.1 holds and m a positive integer q 2

(1;1). Then for all f 2 W q;m (Rn;E), � 2 S problem (2:1) has a unique
solution u that belongs to Y q;2+m and the following coercive uniform estimate
holds

nX
k=1

m+2X
i=0

j�j1�
i

m+2





bk � @iu@xik






Xq

+ kAukXq � (2.9)
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C kfkW q;m(Rn;E) :

Proof. From (2:3) it follows from the above expression that

nX
k=1

m+2X
i=0

j�j1�
i

m+2





bk � @iu@xik






Xq

+ kAukXq = (2.10)

nX
k=1

m+2X
i=0

j�j1�
i

m+2




F�1�ik b̂k (�)B�1 (A; �; �) f̂



Xq
+




F�1AB�1 (A; �; �) f̂



Xq
:

By reasoning as in the proof of Theorem 2.1 we show that the operator-functions

	� (�) = AB�1 (A; �; �)

 
1 +

nX
k=1

b̂k (�) �
m
k

!�1
;

�� (�) =
nX
k=1

m+2X
i=0

j�j1�
i

m+2 �ik

 
1 +

nX
k=1

b̂k (�) �
m
k

!�1
B�1 (A; �; �)

are uniform Fourier multipliers in Xq. Then by (2:9) we obtain the conclusion.

3. Nonlocal Stokes problem

In this section, we derive the maximal regularity properties of the stationary
nonlocal abstract Stokes problem (1:7). Let we denote Hq;m (Rn;E) just by
Hq;m. It is known that if E is a UMD space then Hq;m = W q;m (Rn;E) for
positive integer m (see e.g. [20, § 15] ). Let Xq = (Xq)

n is class of E-valued
system of function f = (f1 (x) ; f2 (x) ; :::; fn (x)) with norm

kfkXq =
 

nX
i=1

kfikqXp

! 1
q

:

Let C10 (Rn;E) denotes the set of all E-valued in�nite many di¤erentiable
�nite functions on Rn. Moreover, Xq� = Lq� (Rn;E) denote the E-valued
solenoidal space, i.e. closure of (C10� (Rn;E))

n in Xq, where

C10� (Rn;E) = fu 2 (C10 (Rn;E))n , div u = 0g :

Let Xq;s = (Hq;s)
n and Yq;s = (Y q;s)n. Consider the space

Yq = fu 2 Xq; div u 2 Xq;
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kukYq =
�
kukqXq + kdiv uk

q
Xq

� 1
q

:

Yq becomes a Banach space with this norm. It is known that (see e.g.
D. Fujiwara and H. Morimoto [6] ) vector �eld u 2 (Lq (Rn))n has a Helmholtz
decomposition. In following theorem we generalize this result for E-valued func-
tion space Xq:
Theorem 3.1. Assume that the Condition 2.1 is satis�ed and q 2 (1;1).

Then u 2 Xr has a Helmholtz decomposition, i.e. there exists a linear bounded
projection operator Pq from Xq onto Xq� with null space

N (Pq) = fr' 2 Xq : ' 2 Lqloc (R
n;E)g :

In particular, for all u 2 Xq has a unique decomposition u = u0 + r' with
u0 2 Xq�, u0 = Pqu so that

kr'kLq(B;E) + ku0kXq � C kukXq ; (3.1)

for any open ball B � Rn: Moreover, (Xq�)� = Xq0�; 1q +
1
q0
= 1:

In order to prove Theorem 3.1 we need some lemmas. Consider �rst, the
problem

�b ��u+ (A+ �)u = f (x) , x 2 Rn; (3.2)

where f = (f1 (x) ; f2 (x) ; :::; fn (x)) 2 Xq and u = (u1 (x) ; u2 (x) ; :::; un (x)) is
a solution of (3:2)
Lemma 3.1. Assume that the Condition 2.1 is satis�ed, q 2 (1;1) and

�2 < s <1. Then for all f 2 Xq;s, � 2 S problem (3:2) has a unique solution
u 2 Y q;2+s and the following coercive uniform estimate holds

nX
k=1

s+2X
i=0

j�j1�
i
s+2





bk � @iu@xik






Xq
+ kAukXq . kfkXq;s : (3.3)

Proof. By using the Fourier transform we see that the estimate (3:3) is
equivalent to the following estimate





F�1

 
1 +

nX
k=1

�2k

! s+2
2

B�1 (A; �; �) f̂








Xq

+



F�1AB�1 (A; �; �) f̂




Xq

+ j�j



F�1B�1 (A; �; �) f̂




Xq
� C





F�1 �1 + j�j2� s2 f̂




Xq
; (3.4)

where B (A; �; �) is a operator function de�ned by (2:3).
In order to prove (3:4) it su¢ cient to show that the operator functions

nX
k=1

s+2X
i=0

j�j1�
i
s+2 �ik b̂k (�)B

�1 (A; �; �) ; A
�
1 + j�j2

�� s
2

B�1 (A; �; �) ,
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j�j
�
1 + j�j2

�� s
2

B�1 (A; �; �)

are multipliers in Xq uniformly with respect to �. This fact is derived as in the
proof of Theorem 2.1, 2.2.
By reasoning as in [8, Lemma 2] we get
Lemma 3.2. (C1 (Rn;E))n is dense in Yp:
Consider the problem

�b ��'+A'+ �' = div f (x) , x 2 Rn: (3.5)

Here, we will assume that the following assumption is satis�ed until the end
of the Paragraph 3:
Assume that the Condition 2.1 is satis�ed and q 2 (1;1).
From the Lemma 3.1 we obtain the following results:
Result 3.1. For all f 2 Xq, � 2 S problem (3:5) has a unique solution

' 2 Y q;1 and the following coercive uniform estimate holds

nX
k=1

2X
i=0

j�j1�
i
2





bk � @i'@xik





Xq

+ kA'kXq . kdiv fkY q;1 :

Consider the operator P = Pq de�ned by

D (P ) = Xq, Pf = f �r';

where ' is a solution of the problem (3:5) :
Result 3.2. PqXq is a closed subspace of Xq:
Lemma 3.3. The Pq is a linear bounded operator in Xq and Pf = f if

div f (x) = 0:
Proof. The linearity of the operator P is clear by construction. Moreover,

by Result 3.1 we have

kPfkXq � kfkXq + kr'kXq � C kfkXq : (3.6)

If div f (x) = 0, then by Lemma 3.1 we get that ' = 0, i.e. Pf = f .
Let E�denotes the dual space of E:

Lemma 3.4. The conjugate of Pq is de�ned as P �q = Pq0 ;
1
q +

1
q0
= 1 and is

bounded linear in
�
Lq

0
(Rn;E�)

�n
:

Proof. It is known ( see e.g. [1], [20] ) that the dual space of Lq (Rn;E) is
Lq

0
(Rn;E�). Since C10 (Rn;E�) is dense in Lq

0
(Rn;E�) we have only to show

P �q ' = Pq0' for any ' 2 C10 (Rn;E�). But this fact is deriving by reasoning as
in [6, Lemma 5]. Moreover, by Lemma 3.4 the dual operator P �q is a bounded

linear in
�
Lq

0
(Rn;E�)

�n
:

Let
Gq =

�
r' : ' 2 Y q;1

	
, (PqXq)? =

12



n
f 2

�
Lq

0

(Rn;E�)
�n

; hf; �i = 0 for any � 2 PqXq
o
:

From Lemmas 3.3, 3.4 we obtain
Result 3.3. Any element f 2 Xq uniquely can be expressed as sum of

elements of PqXq and Gq:
In a similar way as Lemmas 6, 7 of [6] we obtain:
Lemma 3.5. The following are hold

(PqXq)? = Gq0 ,
1

q
+
1

q0
= 1;

X?q� = Gq0 ;
1

q
+
1

q0
= 1:

Now we are ready to prove the Theorem 3.1.
Proof of Theorem 3.1. From Lemma 3.5, we get that Xq� = (PqXq)?.

Then, by construction of Pq we have Xq = Xq� � Gq: By lemmas 3.1, 3.3, we
obtain the estimate (3:1). Moreover, by Result 3.2, Gq is a close subspace of
Xq. Then, it known that the dual space of quotient space Xq=Gq is G?q . In view
of �rst assertion we have Xq=Gq = Xq� and by second equality of Lemma 3.5,
we obtain the second assertion.

Theorem 3.2. For all f 2 Xq, ' 2 H1;p (Rn;E), � 2 S problem (1:8) has
a unique solution u 2 Yq;2, ' 2 H1;p (Rn;E) and the following coercive uniform
estimate holds

nX
k=1

2X
i=0

j�j1�
i
2





bk � @iu@xik






Xq
+ kAukXq + kr'kXq � C kfkXq : (3.7)

Proof. By applying the operator Pq to equation (1:7) we get the Stokes
problem (1:8). It is clear to see that

D (Q) = D (B) \ Xq�;

where Q is the Stokes operator generated by Stokes problem (1:8) and B is a
operator in Xq generated by problem (1:8) for � = 0, i.e.

D (B) = Yq;2, Bu = �b ��u+Au:

Then by Lemma 3.1 we obtain the assertion.
Result 3.2. From Theorem 3.2 we get that Q is a sectorial operator in

Xq and also generates a bounded holomorphic semigroup S (t) = exp (�Qt) for
t > 0:
In a similar way as in [9] we show
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Proposition 3.1. The following estimate holds

kQ�S (t)k � Ct��

for � � 0 and t > 0:
Proof. From Theorem 3.2 we obtain that the operator Q is uniformly

positive in Xq, i.e. for � 2 S ;{; 0 <  < � the following estimate holds


(Q+ �)�1


 � M

j�j ;

where the constant M is independent of �. Then, by using Danford integral
and operator calculus (see e.g in [3] ) we obtain the assertion.

4. Well-possedeness of the instationary nonlocal Stokes problem

Let E1 and E2 be two Banach spaces. By (E1; E2)�;p, 0 < � < 1; 1 � p � 1
will be denoted the interpolation spaces obtained from fE1; E2g by the K-
method [19, §1.3.2]. Let Yp;q;2 =W 1;p

�
0; T ;Yq;2;Xq

�
.

In this section we will assume that the following assumption:
Assume that the Condition 2.1 is satis�ed and q 2 (1;1).
We will show here, the well-posedeness of the problem (1:1)� (1:2) :
Theorem 4.1. For every f 2 Lp (0; T ;Xq) = B (p; q) and a 2

�
Yq;2;Xq

�
1
p ;p
=

G (p; q) ; p; q 2 (1;1) there is a unique solution u 2 Yp;q;2, ' 2 H1;p (Rn;E)
and a 2 G (p; q) of the problem (1:1)� (1:2) satisfying the following estimate



@u@t






B(p;q)

+
nX
k=1





@2u@x2k






B(p;q)

+ kAukB(p;q) + kr'kB(p;q) . (4.1)

kfkB(p;q) + kakG(p;q) :

Proof. The problem (1:1)� (1:2) can be expressed as the following abstract
parabolic problem

du

dt
+Qu = f (t) ; u (0) = a: (4.2)

If we put E = Xq then by Proposition 3.1, operator Q is sectorial and
generates bounded holomorphic semigroup in Xq for q 2 (1;1). Moreover, by
using [14, Theorem 3.1] we get that the operator Q is R-sectorial in Xq. Since
Xq is an UMD space for q 2 (1;1), in a similar way as in [21, Theorem 4.2 ] we
obtain that for all f 2 Lp (0; T ;E) and a 2 B (p; q) there is a unique solution
u 2 W 1;p (0; T;D (Q) ; E) of the problem (4:2) so that the following estimate
holds



dudt






Lp(0;T ;E)

+ kQukLp(0;T ;E) � C

�
kfkLp(0;T ;E) + kak(D(Q);Xq) 1

p
;p

�
: (4.3)

From the estimates (3:10) and (4:3) we obtain the assertion.
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Remark 4.2. There are a lot of positive operators in concrete Banach
spaces. Therefore, putting in (1:8) and (1:1) concrete Banach spaces instead
of E and concrete positive di¤erential, pseudo di¤erential operators, or �nite,
in�nite matrices, etc. instead of A by virtue of Theorem 3.2 and Theorem 4.1 we
can obtained the maximal regularity properties of di¤erent class of stationary
and instationary Stokes problems, respectively which occur in numerous physics
and engineering problems.

5. Application

Consider the Stokes problem (1:11)�(1:12). Let Xq;p1 = (Lq (Rn;Lp1 (0; 1)))
n

is class of Lp1 (0; 1)-valued system of function

f = (f1 (x) ; f2 (x) ; :::; fn (x))

with norm

kfkXq;p1 =
 

nX
i=1

kfikqLq;p1 (Rn�(0;1))

! 1
q

:

Let Xp;q;p1 = Lp (0; T ;Xq;p1) be Lebesue space with mixed norm and Yq;p1;2
=
�
Y q;p1;2

�n
, where

Y q;p1;2 =W q;2
�
Rn;W p1;[2] (0; 1) ; Lp1 (0; 1)

�
:

Let A1 di¤erential operator in Lp1 (0; 1) de�ned by (1:10) :
Theorem 5.1. Assume the second assumption of Condition 2.1 is satis�ed.

Then for every f 2 Xp;q;p1 for p; q; p1 2 (1;1) there is a unique solution u 2
Yq;p1;2 and ' 2 H1;p (Rn;Lp1 (0; 1)) of (1:11)-(1:12). Moreover, the following
coercive estimate holds

nX
k=1





@2u@x2k






Xp;q;p1

+ kA1ukXp;q;p1 . kfkXp;q;p1 : (5.2)

Proof. By [14, Theorem 5.0] the operator A1 is R-positive in Lp1 (0; 1).
Therefore, all conditions of Theorem 3.2 are hold and we obtain the conclusion.

Consider now, the Stokes problem (1:15)�(1:16). Let Xp;q;p1 = Lp (0; T ;Xq;p1)
be Lebesue space with mixed norm and Yq;p1;2 =

�
Y q;p1;2

�n
, where

Y q;p1;2 =W q;2
�
Rn;W p1;2 (0; 1) ; Lp1 (0; 1)

�
:

Let !1 = !1 (y), !2 = !2 (y) be roots of equation b1 (y)!2 + 1 = 0. Let

� (y) =

���� (�!1)m1 �1 �1!
m1
1

(�!2)m2 �2 �2!
m2
2

���� , Vp;q = �Yq;p1;2;Xp;q;p1� 1
p ;p

:
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Let A2 be di¤erential operator in Lp1 (0; 1) de�ned by (1:14) and Yp;q;p1;2 =
W 1;p

�
0; T ;Yq;p1;2;Xp;q;p1

�
Theorem 5.2. Assume thar the second assumption of Condition 2.1 is

satis�ed. Moreover, let b1 2 VMO \ L1 (0; 1), Re!k 6= 0, �
!k

2 S (�1) for
a.e. x 2 (0; 1), �1 2 [0 �) and b0 2 VMO \ L1 (0; 1) ; b1 (0) = b1 (1) ; b0 (0) =
b0 (1). Then for every f 2 Xp;q;p1 , a 2 Vp;q, p; q; p1 2 (1;1) there is a unique
solution u 2 Yp;q;p1;2 and ' 2 H1;p (Rn;Lp1 (0; 1)) of the problem (1:14)-(1:15).
Moreover the following coercive estimate holds



@u@t






Xp;q;p1

+
nX
k=1





@2u@x2k






Xp;q;p1

+ kA1ukXp;q;p1 + (5.2)

kr'kXp;q;p1 . kfkXp;q;p1 + kakVp;q :

Proof. By [14, Theorem 5.0] the operator A1 is R-positive in Lp1 (0; 1).
Therefore, all conditions of Theorem 4.1 are hold and we obtain the conclusion.

Data Availibility: Data sharing not applicable to this article as no data
sets were generated or analysed during the current study.
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