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In this talk, the Cauchy problem for the stationary and instationary nonlocal
imcompressible abstract Stokes equations are considered. The equation involve
the the convolution term and abstract operator in a Banach space E on leading
part. The existence, uniqueness and coercive esimates in LP spaces is derived.
We can obtain a different classes Novier-Stokes equations by choosing the space
FE and the linear operator A which occur in a wide variety of physical systems. In
application the existence, uniqueness and LP-maximal regularity properties to
solution of mixed problems for nonlocal degenerate Navier-Stokes equations and
nonlocal Navier-Stokes equations with discontinuous coefficients are established.

We consider the Cauchy problem for the nonlocal Stokes equation

ou

E—b*Au+Au+V<p:f(x,t),xeR",te(O,T), (1.1)

divu =0, u(z,0) =a(z), (1.2)

where A is a linear operator in a Banach space F,
U= (ul (lE,t) ) U2 (xvt) y ooy Un (!L‘ﬂf))

is an E-valued unknown solution
f=f(@,t), f2(@,8) 5oy [ (2,1))
is given and a = (a1 (x), a2 (), ..., an (x)) is a initial date. Moreover,
b="b(x) = (b1 (x),by(x),..bn (), bxu = (by *us,by *xug,...., b, *up),

b; * u; denotes the convolution of the functions b;, u; defined by

bi*uiz/bmui(m—g)ds

R”

for smooth enough complex-valued functon b; and E-valued function u (z,1t).
Here, ¢ = ¢ (,t) is represent an E-valued unknown pressure. This problem is
characterized with the presence of abstract operator A and the convolution term
b* Au. We obtain the well-posedeness of the problem (1.1) — (1.2) in E-valued
Bohner space. For F = C, where C is the set of all complex numbers, and A
is a positive constant ¢ the problem (1.1) — (1.2) is reduced to the following
nonlocal Stokes type problem
Ju

E—b*&u—i—qu—&—Vgo:f(x,t),divu:(), (1.3)



u(z,0)=a(z),z€eR" te (0,T). (1.4)

Note that, the existence of weak or strong solutions and regularity properties
for the classical Stokes problems extensively studied e.g. in [2, 4-8, 10, 12, 13, 18].
There is a lots of monograph on the solvability of the Cauchy problems for Stokes
equations (see e.g. [1, 2,18] and further papers cited there ). Solonnikov [12]
proved that for every f € LP (Q x (0,T) ;R3) = B(p), p € (1,00) the stationary
Stokes problem

ou

5 Au+ Vo= f(x,t), divu=0, ul|sq=0, (1.5)

u(z,0)=0, z€Q, te(0,T)
has a unique solution (u, V) so that
ou
ot
Giga and Sohr [5] improved the result for spaces with different exponents in
space and time. Moreover, estimate obtained here, was global in time and
used abstract parabolic semigroup theory. The estimate (1.5) allows to study
the existence of solution and regularity properties of the corresponding Navier-
Stokes problem (see e.g. [7] ).

First all of, we consider the following nonlocal abstract differential equation
(ADE) in whole space,

5) + Hv2u||B(p) FIVellppa < CllflBe.g -
p

—bxAu+ (A+Nu=f(z),zeR", (1.6)

where A is a linear operator in a Banach space F, b = b (z) is a complex-valued
function and X is a complex parameter. We show the uniform maximal regularity
properties of the problem (1.6), i.e. we prove that for all f € W™ (R™; E), A €
Sy problem (1.6) has a unique solution u that belongs to W2t™4 (R"; E (A) , E)
and the following coercive uniform estimate holds

O'u
3

b ‘
O,

n .
DS

2
+ [ Aull Lo gn, )y < C U o rn; ) -
k=1 i=0

L4(R™;E)

where the constant C' dependent only on A and F.
Then, we consider the stationary nonlocal abstract Stokes problem

—bx A+ Au+ Vo= f(z), divu=0, x € R", (1.7)

where f = (f1 (), fo (¥) o fo (2)) i5 & data and u = (us (2) ,uz (@), o 1y ()
is a solution. By applying the corresponding projection transformation P, the
problem (1.7) can be reduced to problem

—Pbx Au+ Au= f(z), x € R™ (1.8)



Let L2 (R™; E) denotes the solenoidal space. Consider the operator in L2 (R™; E)
defined by

D(0,) = (W2 (R™ E (A),E))" = {u e (W4 (R% E(A),E))", divu= o} ,

Oqgu = —Pbx Au + Au.

Oy is a nonlocal Stokes operator generated by problem (1.8). We prove here,
that O, is a sectorial operator in X, = (L?(R™; E))" and also is a generator
of an analytic semigroup in X,;. Now, we consider the Cauchy problem for
instationary nonlocal Stokes equation

ou

a—b*&u—FAu—!—Vgp:f(x,t),xER",tE(O,T), (1.9)

divu =0, u(z,0)=a

and we prove the L? (0, T; X, )-well-possedeness of the problem (1.9).

We can obtain different classes of nonlocal Stokes equations by assigning a
concrete space E and an appropriate operator A, that occur in applications.
As a first example we can choose E = LP* (0,1) and A = A; to be degenerate
differential operator in LP* (0, 1) with nonlocal boundary conditions

D (41) = {ue WP (0,1), sl (0) + Bl (1) = 0,k = 1,2}

Ayu=by (y)ul? + by (y)ul, z € R?, y € (0,1), v € {0,1}, (1.10)

where uldl = Dlily, = (y’ydiy) ufor 0 <y<1-— %, by = by (y) is a contimous
function, by = by (y) is a bounded function on [0,1] for a.e. € R", ay, S, are
complex numbers, and WE]”’ 1(0,1) is a weighted Sobolev space defined by

WP (0,1) = {w:ue L7 (0,1), ul?l € LP1 (0,1),

< 0.

el

= lull g + [[u?)]

W"[rz],pl

Let IT = R™ x (0,1) x (0,T). We obtain the LP (II)-maximal regularity property
of the nonlocal mixed problem for the following nonlocal Stokes equation

g—? — bk Agu+ by (y) DPu+ by (y) DMu+ Vo = f (2,9,1), (1.11)

divu =0, u(z,y,0) =a,z € R*, t € (0,7).

apul’] (z,0,t) + Bku[yk] (z,1,t) =0,k =1,2, (1.12)

(z,y,t) €I, u=u(z,y,t),



where the mixed LP (II)-norm is defined as

p 1
- P

T 1 P1
= | [ [| [V@vora) | << s
R 0 \0
As a second example we can choose F = LP'(0,1) and A = A, to be

differential operator in LP* (0,1) with VMO coefficients defined by
D (Aa) = {u € W27 (0.1), ayu (0) + B (1) = 0, k = 1,2}

Asu = by () u® + by () uV, z € R", 5y € (0,1), vp € {0,1}. (1.14)

After these, by applying our general results obtained here, we study the LP (IT)-
well posedeness of mixed problems for the following nonlocal Stokes equations
with VMO coefficients

ou 0%u ou

divu =0, u(z,y,0) =a,z € R", t € (0,7).

Ozku(yk) (fE,Oyt) + ﬂku(yk) (:C, 1,t) =0,k=12, (1'16)

1. Notations and background

Let E be a Banach space and L, (2; E') denotes the space of strongly mea-
surable E-valued functions that are defined on the measurable subset Q C R™
with the norm

1

191, =Wl = | [ @Ide | 1<p<oo.
Q
The Banach space F is called an UM D-space if the Hilbert operator

) ) =ty [ L4,
lo—y|>e

is bounded in L? (R, E), p € (1,00) (see. e.g. [3, 21]). UMD spaces include
e.g. L?, I, spaces and Lorentz spaces Lyq, p, ¢ € (1,00).



Let
Sy ={AeC, |JargA| < pU{0},0<¢ <7}.

A closed linear operator A is said to be -sectorial (or sectorial) in a Banach
space E with bound M > 0 if D (A) and R (A) are dense on E, N (A4) = {0}
and

lca+an™| <N
B(E)

for any A € Sy, 0 < ¢ <, where I is the identity operator in E, D (A) and
R (A) denote domain and range of the operator A, respectively.

It is known [19, §1.15.1] that there exist the fractional powers A? of a sec-
torial operator A. Let E (Ae) denote the space D (Ae) with norm

1

lull a0y = (||u|v’ + HA%HP)E L 1<p<o00,0<0< .

Let N denote the set of all natural numbers. A set G C B (F1, Es) is called
R-bounded (see e.g. [3, § 2]) if there is a positive constant C' such that for all
T,15,.... T, € G and U, ULy vy U € FEi,me N

/Z”j(y)Tjuj dySC/ > riwug|  dy,
. Q ||7=t

o [7=1 E By

where {r;} is a sequence of independent symmetric {—1, 1}-valued random vari-
ables on €. The smallest C' for which the above estimate holds is called a
R-bound of the collection G and denoted by R (G).

A set G, C B(F1,Es) depending on parameter h € @ is called uniform
R-bounded with respect to h if there is a constant C, independent on h € @,
such that for all 71 (h),T> (h), ..., T (h) € Gp, and uq ug, ..., Uy € B4, m €N

/ v () T5 (h) uy
-1 5

Q (|7 5

dy < C/ er (y)uj|| dy.
q ||7=1 E,
It is implies that sup R (G) < C.

heQ
The -sectorial operator A is said to be R-sectorial in a Banach space F if

the set
La={e(a+9 " ces,} 0w <n

is R-bounded.
The operator A (£) is said to be 1-sectorial in E uniformly with respect to £
with bound M > 0if D (A (§)) is independent on &, D (A (§)) is dense in E and

H(A &)+ ,\)—IH < %\AI for all A € Sy, 0 <+ < m, where M does not depend
on & and A.



Let Ey and E be two Banach spaces and Ejy continuously and densely em-
bedded into E. Let §2 be a measurable set in R™ and m be a positive integer. Let
us consider the space WP™ (Q; Ey, E') consisting of all functions u € LP (Q; Ey)
that have the generalized derivatives g%}f € L? (Q; E) with the norm

< 0.
Lr(E)

For n = 1, Q = (a,b), a,b € R the space WP™ (Q; Ey, E) will be de-
noted by W»™ (a,b; Ey, E). For Eg = E the space WP™ (Q; Ey, E) denotes by
wem (Q; ).

BMO denotes the space of all complex-valued local integrable functions with
the norm

[ullwe.m 050, = 333k

111, =sup/|f(fc) — fpldz < oo,
B B

where B ranges in the class of the balls in R™ and fp is the average ﬁ/f () dx.

B
For f € BMO and r > 0 we set

- sup/lf ~ falpde,

p<r

where B ranges in the class of the balls with radius p.
We will say that a function f € BMO is in the space VMO if lin+10 n(r)=0.

We will call 5 () the VMO modulus of f. Here, S(R™; E) denotes an E-valued
Schwartz class, i.e. the space of all F-valued rapidly decreasing smooth functions
on R™ equipped with its usual topology generated by seminorms. S(R";C) is
denoted by S (R™). Let S'(R"; E) denote the space of all continuous linear
operators from S (R™) into F equipped with the bounded convergence topology.
Recall S(R™; E)) is norm dense in LP(R™; E), when 1 < p < oco.

Let F denotes the Fourier transform defined by

(€)= Fu= (2#)_% /e‘imgu(x) dz for u € S(R™; E) and z, £ € R™.
R’I’L
Let H?* (R™; F), —0co < s < oo denotes E-valued Sobolev space of order s
ie

H® (R E) ={ue L' (R"; E) , ”uHHq,s(Rn;E) =

Fl (1+ \§|2)§Fu <00,
La(R":E)

Consider the space H?® (R"; Ey, E) defined by

HO (R"; By, E) = {u € H* (R E) N L7 (R™; E)



il o @ ) = Nl iy + 1l ey < 00}

Sometimes we called it Sobolev-Lions space.

Sometimes we use one and the same symbol C' without distinction in order
to denote positive constants which may differ from each other even in a single
context. When we want to specify the dependence of such a constant on a
parameter, say «, we write Cl,.

Moreover, for u, v > 0 the relations v < v, w & v means that there exist
positive constants C, C7, Co independent on u and v such that, respectively

u < Cv, Civ <u < Cyv.

From [19, Theorem A,] we obtain:

Proposition A;. Let E be UMD space, 3 = (8y,89,....,3,), D =
Mﬁ and 1 < p < g < oco. Suppose ¥, € C™ (R™\ {0};B(FE)) and
there is a positive constant K such that

}SLIGIER ({mlﬁlﬂz(%*%) DA, (€): € e R™\ {0}, B, € {0, 1}}) <K

Then ¥y, is a uniformly bounded collection of Fourier multiplier from L? (R™; E)
to L1 (R™ E).

2. Boundary value problems for abstract elliptic equations

BVPs for ADEs were studied e.g. in [1, 3, 11, 13-17, 22]. In this section, we
will derive the maximal regularity properties of the problem (1.6).

Condition 2.1. Let F be an UMD space and A is an R-sectorial operator
in E for 0 <1 < 7. Assume b € L' (R"), and b € C™ (R™) such that

> b ()€ € Sy, [P ()] < Co for k=1,2,...m, (2.1)
k=1

P, <Y, |ﬁ|,m>1—|—g,q€(1,oo) and for all £ € R"™.

Let X, = L?(R" E) and Y%? = W% (R"; E (A), E). We show here, the
following result:

Theorem 2.1. Assume that the Condition 2.1 is satisfied and ¢ € (1, 00).
Then for all f € X,, A € Sy with ¢, + ¢ € (0,7) problem (1.6) has a unique
solution u that belongs to Y%?2 and the following coercive uniform estimate
holds

+llAully, <Cflly, - (2.2)
X‘I




Indeed, by applying the Fourier transformation F' in (1.6), we get

B(A &N (&) =f(§), R, (2.3)

where
n

B=DB(A&N) = A+ b (& + A

k=1

By assumption A\ + E(f) |§\2 € Sy, so the operator B = B(A,&,\) has
bounded inverse in E for all £ € R™. Hence the equations has a solution

a(€) =B (AENF(E),

i.e. the exists a solution u (x) of the equation (1.6) exspressed as

u(@)=F [BHAEN ()] (2.4)

Let we now show the estimate (2.2). Indeed, in view of (2.4) the estimate
(2.2) is equivalent to the following

Y

2
k=1 i=0

|aB= (4607 )

o (2.5)

Fleib (€) BT (AN £(9)

Xq

<[]
LSl
To prove this, it is sufficient to show that the operator functions

n 2 ) .
MmN =D D I b () BTN (AEN), 1y (6,0) = ABTH (A€, N)

k=1 1i=0

are X,-Fourier multipliers. Indeed, it is cleer to see that

) .

e EN == D T g BT (A6N =

J k=11i=0 J

n 2 . o .
-3 YW k@12 BN - eo
k=1,k#j i=0 j

2 _i . 0 -
S [zf;lB—l (AN + [%bk ) + 2@} B (A, A)] .
1=0 J

Really, by using the resolvent properties of operator A and assumption on

b(€) and in view of (2.6) we have the following uniform in X estimates

’fj‘ SC]J].ZI,Q,...,TL.

0

B(E)



Then by differentiating the operator functions with respect other &, in a
similar way get toe following uniform estimates

€N 1D (& Ml sy < Cr 111D 05 (€ Ml gy < Co (27)

for || > % with a = (a1, a2, ..., an), a € {0,1},  ER™, £ # 0 and A € Sy,
Moreover, in view of (2.6) and due to R-sectoriality of the operator A, the
sets

{ejaijnl (), € € R™ {0}} |

{£j£n1 (§7>‘)a §€ Rn\ {0} »J=12, ,TL}
J

are R-bounded. Then in view of the Kahane’s contraction principle and from
the product properties of the collection of R-bounded operators ( see e.g. [3]
Lemma 3.5, Proposition 3.4 ) we obtain

sup R {gamm (€,0): € € R™ {0}, |a] > "} <o, (2.8)
AESy p

(e} « n n
sup {6 D0, (05 € R\ (0), Jal > 2} < Ca
)\GSw p

By Proposition A; from (2.8) we get that the operator-valued functions
ny (€, A) and n, (&, \) are Fourier multipliers in X,. Hence, we obtain the con-
clusion.

Consider a differential operator @ = @, in X, generated by problem (1.6),
ie.

D(Q) =Y Qu= —bx Au+ Au.

Let By = B (X,). From Theorem 2.1 we obtain the following
Result 2.1. For A € Sy, there is a resolvent (Q) + )\)_1 satisfying the follow-
ing uniform estimate

n 2 )
DI

k=11i=0

O @ N

- < (.
0z}, =0

L [EXCEP

q

In the following result we show the smoothness of the problem (2.1).

Theorem 2.2. Let the Condition 2.1 holds and m a positive integer g €
(1,00). Then for all f € Wo™ (R";E), A € Sy problem (2.1) has a unique
solution u that belongs to Y%27™ and the following coercive uniform estimate
holds

n m-+2

>3

k=1 i=0

Oty
oz},

by, * + [[Aully, < (2.9)

Xq




Cllflwam@nz) -
Proof. From (2.3) it follows from the above expression that

n m-+2

i 8Z
SO N b ||+ Auly, = (2.10)
k=1 i=0 Trlix,
n m-42 ) . )
SO W [ Flgh @ BT AN |+
k=1 i=0 q

HF*IAB* (A,€,2) f‘

X,

By reasoning as in the proof of Theorem 2.1 we show that the operator-functions

s () = AB™N(A,6,0) (1 +3 b (©) f::) ,
k=1

n m-+2 ) ) n R -1
o (€)=Y D> T (1 + b (€) f}?) B7'(A,6,N)
k=1 i=0 k=1

are uniform Fourier multipliers in X,. Then by (2.9) we obtain the conclusion.

3. Nonlocal Stokes problem

In this section, we derive the maximal regularity properties of the stationary
nonlocal abstract Stokes problem (1.7). Let we denote H?™ (R™; E) just by
H?™. Tt is known that if £ is a UMD space then H?™ = W™ (R™; E) for
positive integer m (see e.g. [20, § 15] ). Let X, = (X,)" is class of E-valued
system of function f = (f1 (2), f2 (z), ..., fn (x)) with norm

£, = (Z ||f¢||§(p>
i=1

Let C§° (R™; E) denotes the set of all E-valued infinite many differentiable
finite functions on R™. Moreover, X,, = L% (R™; E) denote the E-valued
solenoidal space, i.e. closure of (C§5S (R™; E))" in X,, where

q

Coo (R E) ={u € (C5° (R, E))", divu =0}.
Let X, s = (H?*)" and Y?* = (Y%#%)". Consider the space

Y, ={ueX, divue X,

10



1
ey, = (Jlullg, + laivulg, )

Y, becomes a Banach space with this norm. It is known that (see e.g.
D. Fujiwara and H. Morimoto [6] ) vector field u € (L7 (R™))" has a Helmholtz
decomposition. In following theorem we generalize this result for E-valued func-
tion space Xj.

Theorem 3.1. Assume that the Condition 2.1 is satisfied and ¢ € (1, c0).
Then u € X,. has a Helmholtz decomposition, i.e. there exists a linear bounded
projection operator P, from X, onto X,, with null space

N(P)={VypeX,:peLl (R"E)}.

loc
In particular, for all v € X, has a unique decomposition u = ug + V¢ with
ug € Xgo, up = Pyu so that

IVellpacpe) + HUOHXQ <C ||uqu ) (3.1)

for any open ball B C R". Moreover, (X,5)" qug, =+ (71/ =
In order to prove Theorem 3.1 we need some lemmas. Consider first, the
problem

—bxAu+(A+Nu=f(z),zeR", (3.2)

where f = (f1 (z), fo (x),..., fn (z)) € X, and u = (u1 (x), u2 (z), ..., up (x)) is
a solution of (3.2)

Lemma 3.1. Assume that the Condition 2.1 is satisfied, ¢ € (1,00) and
—2 < s < 00. Then for all f € X, ,, A € Sy problem (3.2) has a unique solution
u € Y42+ and the following coercive uniform estimate holds

n s+2

D> AT

k=11=0

U
+ [l Aully, < [1/llx, . - (3.3)
X‘l

Proof. By using the Fourier transform we see that the estimate (3.3) is
equivalent to the following estimate

s+2

-1 <1+Zn:§§> LA N f +HF LAB~ (4,
k=1

Xq

; (34)

Y HF*IB*I(
Xq

)quch (1t gel)t 7

where B (A, ¢, \) is a operator function defined by (2.3).
In order to prove (3.4) it sufficient to show that the operator functions

n s+2

SN AT b O B (AN, A(1+IP) T BT (A€,

k=1 1i=0

11



s
2

A1+ 16F) BT AN

are multipliers in X, uniformly with respect to A. This fact is derived as in the
proof of Theorem 2.1, 2.2.

By reasoning as in [8, Lemma 2| we get

Lemma 3.2. (C* (R"; E))" is dense in Y.

Consider the problem

—bx Ap+ Ap+ Ap =div f (z), x € R". (3.5)

Here, we will assume that the following assumption is satisfied until the end
of the Paragraph 3:

Assume that the Condition 2.1 is satisfied and ¢ € (1, c0).

From the Lemma 3.1 we obtain the following results:

Result 3.1. For all f € X, A € Sy problem (3.5) has a unique solution
© € Y%! and the following coercive uniform estimate holds

n 2 )
DI

k=11i=0

o

bk* -
ox},

+ ||A90||Xq < ”dinHYqJ .
X‘I

Consider the operator P = P, defined by
D(P)=X,, Pf=f—Vo,

where ¢ is a solution of the problem (3.5).

Result 3.2. P X, is a closed subspace of X,.

Lemma 3.3. The P, is a linear bounded operator in X; and Pf = f if
div f (z) = 0.

Proof. The linearity of the operator P is clear by construction. Moreover,
by Result 3.1 we have

1Pfllx, < Ifllx, + IVelx, <Clifllx, - (3.6)

If div f (z) = 0, then by Lemma 3.1 we get that ¢ =0, i.e. Pf = f.
Let E*denotes the dual space of E.

Lemma 3.4. The conjugate of Py is defined as P = P, % + qi, =1 and is

bounded linear in <L‘1/ (R™; E*)) .

Proof. It is known ( see e.g. [1], [20] ) that the dual space of L? (R™; E) is
L1 (R™; E*). Since C3° (R™; E*) is dense in L? (R™; E*) we have only to show
Py = P, for any ¢ € C§° (R"; E*). But this fact is deriving by reasoning as
in [6, Lemma 5]. Moreover, by Lemma 3.4 the dual operator Py is a bounded
linear in (Lq/ (R";E*)) .

Let

Gy={Vp:peY?l (PX,)" =

12



{f € (qu (R”;E*))n, (f,v) =0 for any v € P,X, } .

From Lemmas 3.3, 3.4 we obtain

Result 3.3. Any element f € X, uniquely can be expressed as sum of
elements of P, X, and Gj.

In a similar way as Lemmas 6, 7 of [6] we obtain:

Lemma 3.5. The following are hold

1
1
(quq) :qu’§+?:17

1,1
Xo,=Gy,—-+— =1
q q q q

Now we are ready to prove the Theorem 3.1.

Proof of Theorem 3.1. From Lemma 3.5, we get that X,, = (P,X,)".
Then, by construction of P, we have X, = X, ® G;. By lemmas 3.1, 3.3, we
obtain the estimate (3.1). Moreover, by Result 3.2, G is a close subspace of
X. Then, it known that the dual space of quotient space X, /Gy is G,JI-. In view
of first assertion we have X,/G, = X, and by second equality of Lemma 3.5,
we obtain the second assertion.

Theorem 3.2. For all f € X,, p € H''? (R™; E), A € Sy, problem (1.8) has
a unique solution u € Y¥2, o € H? (R"; F) and the following coercive uniform
estimate holds

+lAuly, + IVely, <ClIfly, - (37)

Xq

Proof. By applying the operator P, to equation (1.7) we get the Stokes
problem (1.8). It is clear to see that

D(Q) = D (B) N Xy,

where @ is the Stokes operator generated by Stokes problem (1.8) and B is a
operator in X, generated by problem (1.8) for A =0, i.e.

D (B) = Y%?, Bu = —b* Au + Au.

Then by Lemma 3.1 we obtain the assertion.

Result 3.2. From Theorem 3.2 we get that @ is a sectorial operator in
X, and also generates a bounded holomorphic semigroup S (¢) = exp (—Qt) for
t > 0.

In a similar way as in [9] we show

13



Proposition 3.1. The following estimate holds
QS ()] < Ct™

for > 0 and t > 0.
Proof. From Theorem 3.2 we obtain that the operator @ is uniformly
positive in X, i.e. for A € Sy ., 0 < 9 < 7 the following estimate holds

[@+n7 <5

where the constant M is independent of A\. Then, by using Danford integral
and operator calculus (see e.g in [3] ) we obtain the assertion.

4. Well-possedeness of the instationary nonlocal Stokes problem

Let E; and Es be two Banach spaces. By (El,Eg)(,’p, 0<f<1,1<p<o0
will be denoted the interpolation spaces obtained from {F;,E>} by the K-
method [19, §1.3.2]. Let Y?¢2 = WP (0,T; Y92 X,).

In this section we will assume that the following assumption:

Assume that the Condition 2.1 is satisfied and ¢ € (1, c0).

We will show here, the well-posedeness of the problem (1.1) — (1.2).

Theorem 4.1. Forevery f € L? (0,T;X,) = B(p,q) and a € (Yq’Q, Xq) 1,=

5
G (p,q), p,q € (1,00) there is a unique solution u € YP42 » € HLP (R"; E)
and a € G (p, q) of the problem (1.1) — (1.2) satisfying the following estimate
Ju
|5

n

>

B(p,q) k=1

9%u

2
Ox;

+ HAu”B(p,q) + ||v<p||B(p7q) 5 (41)
B(p,q)

||fHB(p,q) + ||a’||G(p7q) .
Proof. The problem (1.1) — (1.2) can be expressed as the following abstract
parabolic problem

du
ZHQu=f(t), u(0)=a. (4.2)

If we put £ = X, then by Proposition 3.1, operator @) is sectorial and
generates bounded holomorphic semigroup in X, for ¢ € (1, 00). Moreover, by
using [14, Theorem 3.1] we get that the operator ) is R-sectorial in X,. Since
X, is an UMD space for ¢ € (1,00), in a similar way as in [21, Theorem 4.2 | we
obtain that for all f € LP (0,7 F) and a € B (p,q) there is a unique solution
u € WHP (0,T,D(Q), E) of the problem (4.2) so that the following estimate
holds
du
%

+ ||Qu”LP(O,T;E) <C (|f||Lp(0,T;E) + HCLH(D(Q),Xq)l > - (4.3)
Lr(0,T;E) pP

From the estimates (3.10) and (4.3) we obtain the assertion.
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Remark 4.2. There are a lot of positive operators in concrete Banach
spaces. Therefore, putting in (1.8) and (1.1) concrete Banach spaces instead
of E and concrete positive differential, pseudo differential operators, or finite,
infinite matrices, etc. instead of A by virtue of Theorem 3.2 and Theorem 4.1 we
can obtained the maximal regularity properties of different class of stationary
and instationary Stokes problems, respectively which occur in numerous physics
and engineering problems.

5. Application

Consider the Stokes problem (1.11)—(1.12). Let X, ,, = (L (R"; LP* (0,1)))"
is class of LP1 (0,1)-valued system of function

f = (fl (SL‘),fg ($),,fn (‘r))

with norm

1
q

||f||xq.yp1 = (Z ||fi||qu1 (Rnx(o,1))>
i=1

Let X, 4.0, = L? (0,T;X,,,) be Lebesue space with mixed norm and Y%?1.2
= (Yer12)", where

yor2 = w2 (R weeBl(0,1), L7 (0,1)).

Let A differential operator in LP* (0,1) defined by (1.10).

Theorem 5.1. Assume the second assumption of Condition 2.1 is satisfied.
Then for every f € X, ,,, for p,q,p1 € (1,00) there is a unique solution u €
Y%P1:2 and ¢ € HYP (R™; LPt (0,1)) of (1.11)-(1.12). Moreover, the following
coercive estimate holds

n

D

k=1

0%u

+ [|Aru|
ox? X

XPwaPl

S Il ,, - (5.2)

P,4q;P1 P,49:P1

Proof. By [14, Theorem 5.0] the operator A; is R-positive in LP* (0,1).
Therefore, all conditions of Theorem 3.2 are hold and we obtain the conclusion.

Consider now, the Stokes problem (1.15)—(1.16). Let X, , ,, = L? (0, T Xy p,)
be Lebesue space with mixed norm and Y%P1.2 = (Yq’pl’g) , where

yaor? = e (R W2 (0,1), LP* (0,1)) .

Let wy = w1 (¥), wa = wa (y) be roots of equation by (y)w? +1 = 0. Let

(—wl (€51 51wm1 1.2
vl = (~w2)™* ag 52wim Voa = (Y0 ’Xp’q’pl)%ﬁp'

15



Let As be differential operator in Lt (0, 1) defined by (1.14) and Y?:9P1:2 =
WP (0,T; Y72 X, 401

Theorem 5.2. Assume thar the second assumption of Condition 2.1 is
satisfied. Moreover, let by € VMO N L* (0,1), Rewy # 0, ﬁ € S(¢;) for
a.e. ¢ € (0,1), ¢; € [0 w) and by € VMO NL>(0,1), b1 (0) = b1 (1), by (0) =
by (1). Then for every f € X, 4, @ € Vpq, p,¢, 01 € (1,00) there is a unique
solution u € YP:4P1:2 and p € HYP (R™; LP1 (0,1)) of the problem (1.14)-(1.15).
Moreover the following coercive estimate holds

n
\ S
Xp.a,p1 k=1

IVellx

du
at

9%
a2, Tl (5.2)
p,q,P1

SIfl,,, +lall, -

P:q9,P1 P,q9,P1

Proof. By [14, Theorem 5.0] the operator A; is R-positive in LP* (0,1).
Therefore, all conditions of Theorem 4.1 are hold and we obtain the conclusion.

Data Availibility: Data sharing not applicable to this article as no data
sets were generated or analysed during the current study.
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